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Systematic Comparison of Mathematically Simple Turbulence
Models for Three-Dimensional Boundary Layers

Marco S. G. Bettelini* and Torstein K. Fannel0pt
Swiss Federal Institute of Technology, Zurich, 8092, Switzerland

The paper presents a systematic comparison of some widely used turbulence models with one another and with
experiments. The mathematically simplest models applicable to three-dimensional steady, incompressible
boundary layers are of primary interest. Besides the more widely used algebraic formulations, models using
simplified transport equations for turbulence quantities, such as the Johnson-King model, are considered. These
models are applied to a variety of well-established two-dimensional and three-dimensional test cases, for which
accurate and reliable experimental data are available. To avoid differences associated with different numerical
integration procedures, all models have been used with the same finite difference method especially developed
for this purpose. This method solves the first-order boundary-layer equations written in terms of streamline
coordinates. One broad conclusion of this study is that all models considered give reasonable predictions for the
gross boundary-layer parameters, but important differences become apparent for certain local values. Specific
recommendations for the choice of turbulence model in practical applications are included.

Introduction

A NEED for accurate but mathematically simple turbu-
lence models will exist in the foreseeable future in spite

of the rapid improvements in computer capacity and speed.
Although recent progress in modeling and simulating turbu-
lent flows has been remarkable, algebraic turbulence models
still play a dominant role for boundary-layer computations.
The main reason is that for most engineering problems alge-
braic closure models give reasonable predictions at very low
cost. The apparent shortcomings of these models, e.g., in
adverse pressure gradients, are often attributed to the "his-
tory" effects on the Reynolds shear stresses not accounted for
in these simple equilibrium models. This is the reason for the
strong interest in the model proposed by Johnson and King1

for two-dimensional boundary layers. This model, although
retaining most of the simplicity and cost-effectiveness of alge-
braic models, also allows explicitly for history effects in the
development of the shear stresses.

The present study focuses on the mathematically simplest
turbulence models for three-dimensional steady, incompress-
ible boundary layers. The models considered are the more
widely used algebraic formulations as well as models of the
Johnson-King class, which use simplified transport equations
for turbulence quantities. Because of their empirical nature,
the turbulence models investigated should be verified by exten-
sive comparisons with experimental data. To this end a large
number of well-established test cases available in the literature
are used. Our analysis is limited to the solution of the first-or-
der boundary-layer equations. For the high Reynolds number
flows considered and in the absence of separation, these equa-
tions suffice to describe the flowfield and can be solved with
high accuracy.

An attempt has been made to give the study broad experi-
mental support based on experimental results for a large num-
ber of flow configurations of interest for engineering applica-
tions. Great attention has been devoted to accurate definitions
of the initial and boundary conditions required and to the
numerical accuracy of the solution procedure. Overall our
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comparisons are believed to be more conclusive than previous
studies based on a more restricted experimental basis or on
computations carried out for "workshops" by different
groups, using not only different turbulence models but also
different numerical methods and small but significant differ-
ences in the initial and boundary conditions (see van den Berg
etal.2).

In the present work streamline coordinates are used, with x\
along the projection on the wall of the external velocity vector,
X2 in the wall plane perpendicular to x\, and x3 perpendicular
to the wall. The mean velocity components and metric coeffi-
cients for the directions jq are denoted by uf and ei9 the
curvatures of the #/ = const lines by Kj. As the boundary-layer
thickness d is assumed to be very small, e^ can be chosen to be
1, so that #3 denotes the physical wall distance. The extension
of two-dimensional turbulence models to three-dimensional
flows is often facilitated by the use of streamline coordinates.

II. Turbulence Models
The models considered herein are listed in Table 1. Al-

though all of these models, but JK3, were formulated origi-
nally using an isotropic eddy-viscosity concept, they can easily
be modified to account for anisotropy. Some models for the
eddy-viscosity anisotropy are listed in Table 2. Only a brief
presentation of the models considered is included herein. For
more details and for a discussion of the physical assumptions
involved in the models, the reader is referred to the original
publications cited in Tables 1 and 2.

All of the models considered herein use the eddy-viscosity
formulation

(1)

Table 1 Turbulence models studied

Name
CF

BL
MI
JK

JK2
JK3

Main references
Cebeci and Smith3

Fannel0p and Humphreys4

Baldwin and Lomax5

Micheletal.6

Johnson and King1

Abid7

(new)
(new)

Type
Algebraic

Algebraic
Algebraic
One-half equation

One-half equation
Two one-half equations

999
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Table 2 Models for the eddy-viscosity anisotropy [the additional model parameters (AMP) introduced
are listed in the last column]

Model en/e ei2/e
Isotropic 1
Fannel0p- 1

Humphreys4

Ryhming- du\ fd\
Fannel0p4 "7 — IT

0
0

— ) 0
*3/ B

€21/C €22/

0 1

'e AMP
——

0 £ £

o -^f-dx3\d ) -*

0

Rotta9'10

Moreau-Rotta11 i i" B

-4

B

where i = 1, 2 if isotropy qf the eddy viscosity is assumed.
This formulation can be extended to

with

dx3 dx3
(2)

to account for the experimentally observed anisotropy of the
eddy viscosity in three-dimensional boundary layers. Some of
the expressions for the eddy-viscosity anisotropy used by the
algebraic models are summarized in Table 2. All of the mod-
els, except Ref. 8, involve additional anisotropy parameters,
the values of which are not specified by the model. The new
parameters are listed in the last column of Table 2. Since they
can vary over a wide range^12 their specification is usually a
major problem. In most casfethe values will be empirical, to
be extracted from available experimental data. The use of
these models will be discussed in Sec. V.

The following algebraic models are studied:

Cebeci-Smith3 and Fannel0p-Humphreys4 (CF):

e = 0.0168 Ue for x3

with
p = 0.41 ;c3 D

£> = 1 - exp

-M?)T

(3a)

(3b)

(4a)

(4b)

(4c)

(4d)

where AT* denotes the smallest wall distance x3 for which the
expressions (3a) and (3b) assume the same value. The variables
Ue, d, ur and v denote the external velocity, the boundary-
layer thickness, the friction velocity, and the kinematic viscos-
ity respectively. For streamline coordinates and small cross-
flows (u2 < HI), the parameter 63o will be approximately equal
to the displacement thickness, also in three-dimensional flows
(Lighthill13 and Fannel0p14).

Baldwin-Lomax5 (BL):

E=/v(£)2+(S)2 ***<*• (5a)

• = 0.0168 CCP X3 max^maxT' for X3 > X% (5b)

CCP=1.6

V =
6 -1

(6a)

(6b)

where Fmax and x3 max denote the maximum of the function

(6c)

and its location, respectively. The remaining symbols are as in
the CF-model.

Mlchel et al.6 (MI):

with

p = 1.0.0856 tanh 0.41 x3

0.085 d

(7)

(8)

The remaining symbols are as in the CF-model.
The models of the Johnson-King class use one or more

highly simplified transport equations for the turbulent quanti-
ties in which the dependence on the wall distance has been
dropped. As the influence of the evolution of turbulence on
the Reynolds stresses is taken into account, albeit rather ap-
proximately, these models are expected to be more generally
applicable than the algebraic formulations. The improved
models can be easily introduced in most existing computer
programs designed for algebraic models, and they do not
involve significant increases in storage requirement or com-
puting time. Three models are considered in this class.

Johnson-King1 (JK):
This model is described in detail in Johnson and King.1 The

eddy-viscosity distribution is given by

with

= e0[l - exp( -

e/ =

e0 = 9 X2)

(9)

(lOa)

(10b)

where rM denotes the maximum resulting Reynolds shear
stress parameter at the location x\9 x2 considered. The sub-
script M denotes values at the wall distance x3)M at which this
maximum occurs; a depends on rM, which is computed using

/ ——
- V TM] -
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where rMjeq denotes the maximum resulting Reynolds shear
stress parameter in the equilibrium case, which is computed
assuming a = 1 in Eq. (lOb), and DM is a modeled diffusion
term. The value 0.25 is used for ai9 and L is given by

L = ).4*3)M if x3)M< 0.2256
).09<5 if x3,M > 0.2256

The remaining symbols are as in the CF-model.
This three-dimensional form of the Johnson-King model

was first used by Abid.7 Full details on the original Johnson-
King formulation are given in Johnson and King.1

JK2:
For unseparated boundary layers, the eddy-viscosity distri-

bution given by Eq. (9) results often in too low Reynolds shear
stresses in the near-wall region, e.g., in two-dimensional
boundary layers in weak pressure gradients (Bettelini1*). A
simple modification is proposed that introduces a new empiri-
cal parameter n:

= e0[l-exp-(ei/e0r]1/n (12)

The functions e/ and e0 are unchanged and are given in Eq.
(10). The value n = 2 is found to give better agreement with
available experimental data for the flows considered herein. A
practical advantage of this formulation is that the original JK
eddy-viscosity distribution is easily recovered by setting n = 1
during a computation. This could be useful in calculations
leading to separation, as ri**\ gives better agreement near
separation.

JK3:
Detailed measurements of the Reynolds stresses and the

mean flow profiles in three-dimensional boundary layers show
that the proportionality between the stress and the mean rate
of strain, i.e., the eddy viscosity, depends not only on posijjpn
but also on direction. Specifically, the eddy viscosity in the
crossflow direction is found to be much reduced, often to less
than 50% of the value in the direction of the inviscid stream-
line. As a consequence, the vectors for the mean rate of strain
and the local shear stress have different directions. The differ-
ence (mostly a few degrees) will depend on position and the
upstream flow history.

In what follows we have chosen to model the flow-history
effects on the shear-stress ratio r2/7i, i.e., crossflow-to-
streamline Reynolds stresses. To this end the anisotropic
model of Rotta9'10 is reformulated. The Reynolds stress
parameters are expressed as

-u{u3=e (13a)bUl (1 - A)u,u2 du2~\
7— + —— 5 —— ̂ ~T—dx3 ul + «2

2 dx3]

—^ \(\-A)u,u2dul Auj + ul du2~\
-U2u3=e\ —— 2 —— 2~T~ + ~ —— T7~L MI + U2

 dx3 u\ + "2 dx3]

A major problem is related to the specification of the an-
isotropy parameter A , usually assumed to be constant. Unfor-
tunately, experimental data12 show not only large variations of
A for different experimental configurations but also nonnegli-
gible spatial variations for a given experiment. In the present
formulation a new semi-empirical equation for the computa-
tion of this parameter is proposed. The Reynolds shear stress
and direction along the surface #3jM are computed by

du2

+ C22
L

Diff.(rM) (14)

e2 dx2

du2 T2 dwi du2

21

+ (K2 MI,M— l + (-)2

L Vl/Mj

Il}

?\/M
(15)

with

and

C\2 = C2i = -
M2

W 2 + i
(16)

Tu\ + ul
+

where Tis a measure of the anisotropy of the "rapid" part of
the pressure-strain correlation in the model proposed by
Rotta.9'10 As a first approximation, the diffusion terms Diff.
(...) in Eqs. (14) and (15) are neglected. The anisotropy param-
eter A is assumed to be independent of the wall distance x3 and
is computed from the Reynolds shear stresses at the location
x3>M. From Eqs. (l3a) and (13b) the ratio (r2/ri)M is formed,
and A is expressed in terms of (r2/Ti)M, found from Eq. (15):

,<:;rf'

A =

with

"2.M

(17)

Q rw^y1]
Lax3 \ox3/ JM

The computation proceeds along the same lines as for the
original Johnson-King formulation, but the additional equa-
tion, Eq. (15|v;has to be solved in order to compute the
anisotropy parameter A. The initial conditions for Eqs. (14)
and (15) will be known either from available experimental data
or by assurriing equilibrium turbulent flow at the initial sta-
tions. In the latter case, the computation is started using a = 1
in Eq. (lOb) and -A =1 in Eq. (13). Numerical experiments
have shown that the influence of the initial conditions on the
results is not strong.

The derivation of Eqs. (14) and (15) is discussed in
Bettelini.15 For T = 1, Eq. (15) can be written in the form

/feVJ./*s~NW
X I —

i + (a
L Vl

(18)

with

7l/ M,eq M



1002 BETTELINI AND FANNEL0P: SIMPLE TURBULENCE MODELS

In the two-dimensional limit, this mpdel reduces to the
well-tested JK formulation. Eddy-viscosity anisotropy has a
pronounced effect on the crossflow velocity profile and wall
shear, but the effect on the magnitude of the maximum Rey-
nolds shear stress is rather weak. As a result, Eq. (14) can be
replaced by Eq. (11), the simplest three-dimensional form of
the original Johnson-King equation, without much loss in
accuracy. This approximation has been used to obtain the
results presented in Sec. V.

III. Test Cases
The test cases selected are listed in Table 3. They include

some representative two-dimensional results and a wide selec-
tion of available three-dimensional experiments. Most of the
two-dimensional test cases considered in this study involve
adverse pressure gradients. This is because many turbulence
models are known to perform poorly under such conditions,
which are often of crucial interest in engineering applications.
Most of the three-dimensional test cases chosen represent pres-
sure-driven flows because of their great practical importance
in both internal and external aerodynamics. In addition, two
shear-driven flows, of interest in the design of turbomachin-
ery, are also included. The computation of the initial and
boundary conditions is presented in Bettelini.15

Only a few representative results of the many two- and
three-dimensional cases studied are presented in this paper.
The first test case shown is SAJO73. This is a nominally
two-dimensional boundary-layer flow with an increasingly ad-
verse pressure gradient. The external velocity distribution is
presented in Fig. 1. The Reynolds number at x/L = 1 is 1.7
x 106/m. This experiment is described in detail in Samuel arid
Joubert.19

The case BEEL72 is presented as typical for the three-di-
mensional test cases shown. In this experiment the boundary
layer in a flow analogous to that of an infinite swept wing is
studied in great detail. The external flow is presented in Fig. 2.
The coordinate x denotes here the distance from the leading
edge of the experimental model, measured in the direction of
the undisturbed flow upstream. The Reynolds number at the
entry of the test section is 2.42 x 106/m. The stream wise pres-
sure gradient is positive over the full region investigated and
leads eventually to a three-dimensional separation at about
x/L = 1.3. As the streamwise integration of the first-order
boundary-layer equations in the "direct mode" leads to an
ill-posed problem as separation is approached,2 we present
results only up to about x/L = 1.1. Full details on BEEL72 are
given in van den Berg et al.21 The comparison with the
POBR82 data, an independent realization of the same flow
configuration, leads to essentially identical conclusions.

Table 3 Test cases considered

Class Identification Main references
Two dimensional

Infinite swept wing

Wing-body junction

Three-dimensional
pressure field

Shear driven

WITI44
SCKL50
CLAU54
SAJO73
GATH92
BEEL72
POBR82
DEFE77

KRFA79
MUKR79
TRRY90
BIME70
LOHM73

Wieghardt and Tillmann16

Schubauer and Klebanoff17

Clauser18

Samuel and Joubert19

Gasser20 (Thomann)
van den Berg et al.21

Bradshaw and Pontikos22

Dechow and Felsch23

Felsch et al.24

Krogstad25 (Fannel0p)
Muller26 (Krause)
Truong27 (Ryhming)
Bissonnette and Mellor28

Lohmann29

Ue_ 1 '°
U0

x/L

Fig. 1 SAJO73: dimensionless external velocity Ue.

50

Ik
U0

.95

.5 .6 .7 .9 1.0 1.1

x/L

Fig. 2 BEEL72: dimensionless external velocity Ue and flow angle a
(measured with respect to the undisturbed flow direction upstream of
the wing, in degrees).

IV. Numerical Method
The first-order boundary-layer equations are solved in the

direct mode by means of a modern version of an implicit finite
difference technique used by Fannel0p30 and Fannel0p and
Humphreys4 and described in detail in Bettelini.15 This method
has first-order accuracy in the streamwise direction and sec-
ond-order accuracy in the crossflow and wall-normal direc-
tions. The scheme satisfies the consistency requirement and is
unconditionally stable, according to a von Neumann analysis.
Numerical convergence was verified for all of the computa-
tions by varying the step sizes in all directions by a factor of at
least 1.5 to 2. The grid points were equally spaced in the
streamwise direction and followed a geometric progression in
the wall-normal direction, with a maximum stretching of
about 1000 between the wall and the edge of the computa-
tional domain. The computation of SAJO73 was carried out
using 200 grid points in the wall-normal direction and about
270 steps in the streamwise direction. The corresponding val-
ues for BEEL72 were 150 and 230. The computing times for
all models presented were on the order of a few seconds on a
CDC Cyber 180-855.

V. Results
Results for all of the test cases listed in Table 3 are presented

in Bettelini.15 In this paper only a few representative results for
SAJO73 and BEEL72 are included, but the conclusions to be
presented depend on all cases considered and on comparisons
with all of the available experimental data. In all diagrams
presented, the experimental values are indicated by points,
and the computations are represented by lines.

An acceptable turbulence model for three-dimensional
boundary layers must perform satisfactorily also in the two-di-
mensional limit. For this reason some two-dimensional results
are first presented and discussed. Figures 3 and 4 show the
mean velocity and Reynolds stress profiles for SAJO73. In this
case the mean velocity profiles are not very sensitive to the
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Fig. 3 SAJO73: mean velocity and Reynolds stress profiles; models:
CF, ———————; BL, —— —— ——; MI, — — — — — — — — — .

i .o

0.

Fig. 4 SAJO73: mean velocity and Reynolds stress profiles; models:
CF, ———————; JK, —— —— ——; JK2, ———————.

model used. The calculated Reynolds shear stresses at the first
station, where the pressure gradient is small, are in better
agreement with the experimental data than at the second. As
the adverse pressure gradient becomes more pronounced fur-
ther downstream, the Reynolds shear stresses predicted using
the algebraic models are clearly too large, which in turn causes
too high mean velocities in the inner part of the boundary
layer. As a consequence, the predicted wall friction coefficient
becomes too large and the displacement and momentum thick-
nesses too small (these parameters are not presented here).
Similar results were obtained in all of the two-dimensional
experiments with adverse pressure gradients considered in this
study: SCKL50, CLAU54, SAJO73, and GATH92. When
separation occurs, the location predicted is usually down-
stream of that observed. The differences in the predictions
from the algebraic models tested are probably of little conse-
quence in engineering work, but the excessive Reynolds shear
stress obtained from the BL-model in the outermost part of
the boundary layer should be noted. This effect has been
observed also in the other test cases studied, and it is the
reason why the BL-model is considered less satisfactory than
other models tested herein.

The models JK and JK2 produce a somewhat reduced level
of Reynolds shear stress, in better agreement with the experi-
mental values. This leads to a significant improvement in the
predictions of boundary layers subject to adverse pressure
gradients. In the results presented in Fig. 4, JK2 is seen to be
equivalent to CF at the first station but clearly superior at the
second station, where the pressure gradient is more pro-
nounced. The stress level computed using JK is too low at both
stations, which is consistent with the results for the other
two-dimensional test cases considered. This is clearly due to
the eddy-viscosity distribution used in JK, which is better
suited for boundary layers approaching separation. For such
conditions, JK shows improved results, as shown in Johnson
and King.1

In regions with moderately favorable or negligible pressure
gradients (e.g., WITI44 and SCKL50), the algebraic models
perform very well. For such flows JK2 is nearly equivalent to
the simpler models, whereas JK is often inferior.

Selected results for the case BEEL72 are presented in Figs.
5-10. The definitions used for the integral boundary-layer
thicknesses are

-TT d*

"2
U2

—— dX3 022 =
0 Ue

The results for the algebraic models are presented in Figs.
5 and 8. The predictions for the upstream part of the flow-
field, where the crossflow is small, are in excellent agreement
with the experimental data. With increasing three-dimension-
ality of the mean flow, i.e., with /3W larger than, say, 15 deg,
the results deteriorate rapidly. In particular, the integral
boundary-layer thicknesses, as well as ]8W, are now too small.
This can be attributed to the prescribed isotropy of the eddy
viscosity, which gives too small crossflow, but also to the too
high values for the streamwise eddy-viscosity component, as
seen in Fig. 8. The results for the first station presented, i.e.,
x/L « 0.8, where the crossflow is small, are satisfactory, ex-
cept for the crossflow component of the Reynolds shear stress,
which is about twice as large as the experimental values. The
station further downstream, i.e., x/L « 1, exhibits too large
values for both Reynolds stress components, which in turn
produce an excessive streamwise mean-velocity component
and a too small crossflow. The behavior of the streamwise
component is consistent with the observations made for two-
dimensional boundary layers with adverse pressure gradients.
The underprediction of the crossflow is caused both by the
excessive streamwise mean velocity component, which reduces
the imbalance between the centrifugal force and the lateral
pressure gradient, and by the excessive Reynolds shear stress
in the crossflow direction (in comparison with experiments),
which reduces the crossflow. The results for CF and MI are in
this respect nearly equivalent, whereas the use of BL gives less
satisfactory predictions.

Figures 6 and 9 show the solutions obtained using JK and
JK2. The results for the CF-model are also plotted in these
figures to serve as reference. The solutions for the upstream
part of the flowfield are nearly equivalent to those obtained
using the algebraic models (Fig. 5 and 8) and are in good
agreement with the experimental data. But with larger cross-
flows, important improvements are observed. Larger integral
thicknesses are predicted, in good agreement with the experi-
mental data. The best results are here due to JK, but this
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model performs less satisfactorily in predicting the magnitude
and the direction of the wall shear force. In particular, too
high values of /3W over most of the computed range are ob-
served. The mean velocity and Reynolds stress profiles are
presented in Fig. 9. Again, with increasing crossflow, the
quality of the predictions deteriorates, but certain improve-
ments relative to the algebraic models are observed. As
isotropy of the eddy viscosity is prescribed, the Reynolds
stresses in the crossflow direction are consistently too high,
but this effect is weakened by the overall reduction of the eddy

Fig. 5 BEEL72: integral boundary-layer thicknesses and wall
friction coefficient; models: CF, ———————; BL, —— —— ——;
MI,———————.

.010 -

Cf

.5 .6 .7 .8 .9 1.0 1.1

.003 -

.002 -

.001 -

viscosity magnitude. The stream wise components of the Rey-
nolds shear stresses are well predicted by JK2, whereas the
values resulting from JK are too small. This is consistent with
the observations made for the two-dimensional cases with
adverse pressure gradient.

The anisotropic formulation JK3 is compared with JK2 and
with the experimental data in Figs. 7 and 10. As the magnitude
of the maximum resulting Reynolds shear stress is computed
using the original JK transport equation, also used in JK2, the
results for streamwise components of the mean velocity and
the Reynolds shear stress are practically unchanged. For both
T - 1 and .75 the crossflow Reynolds shear stress is substan-

30 pw[o]

- 10

Fig. 7 BEEL72: integral boundary-layer thicknesses and wall fric-
tion coefficient; models: JK2, ———————; JK3, T = 1, —— ——
——; JK3, J = 0.75, —— —————.

x/L = 0.795

Fig. 6 BEEL72: integral boundary-layer thicknesses and wall fric-
tion coefficient; models: CF, ———————; JK, —— —— ——; JK2, Fig. 8 BEEL72: mean velocity and Reynolds stress profiles; models:

CF, ———————; BL, —— —— ——; MI, ————————.
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x /L = 0.795

i .o

0.

Fig. 9 BEEL72: mean velocity and Reynolds stress profiles; models:
CF, ———————; JK, —— —— ——; JK2, ———————.

x/L = 0.795

Fig. 10 BEEL72: mean velocity and Reynolds stress profiles;
models: JK2, ———————; JK3, T = 1, —— —— ——; JK3,
J = 0.75,—— —————.

tially reduced and found to be in excellent agreement with the
experimental data. The mean velocity profiles agree with the
experimental values within the experimental accuracy. The
integral boundary-layer thicknesses are best predicted using
T = .75, whereas j3w compares better with the experimental
data if T = 1 is used. As separation is approached, too high
values of C/ are predicted, as with all of the models but JK.
The resulting distributions of the anisotropy parameter A are
presented in Fig. 11.

The comparison with the POBR82 data leads to the same
conclusions, but for details. The conclusions for the remaining
pressure-driven cases listed in Table 3 are less clear. In the two
wing-body-junction flows, DEFE77 and KRFA79, it appears
that the turbulence models have only a minor influence on the
mean velocity field, which is dominated by pressure gradients.
In fact, the mean velocity field is well predicted by all of the

0.

.6 1.0
x/L

Fig. 11 BEEL72: variation of the anisotropy parameter A; models:
JK2, ———————; JK3, T = 1, —— —— ——; JK3, T = 0.75, ———

models tested, although in some regions the resulting Rey-
nolds shear stresses are in poor agreement with the experimen-
tal data. For this reason it appears to be preferable to use
algebraic models in such situations. In these cases, as well as in
MUKR79 and TRRY90, the complex external velocity distri-
bution could be responsible for additional errors in the com-
putational results, due to the incomplete knowledge of the
external boundary conditions.

The main features of the shear-driven flows BIME70 and
LOHM73 are well captured by all of the algebraic models
investigated. The use of JK and JK2 leads here only to minor
changes.

As a part of our research work, the models for the eddy-vis-
cosity anisotropy presented in Table 2 have also been tested, in
combination with the algebraic models, JK and JK2. The
Ryhming-Fannel0p formulation, which does not involve addi-
tional model parameters, is applicable in its present form only
to the near-wall region of the boundary layer. For this reason
the predicted effect of anisotropy is in most cases too small.
The remaining formulations listed in Table 2 can lead to
improved results in good agreement with the experimental
data, provided suitable values for the empirical anisotropy
parameters can be determined. These results are presented and
further discussed in Bettelini.15 For Fannel0p-Humphreys'
and Rotta's models, a constant value will often be sufficient,
but the use of a constant B in Moreau's model seems to be too
crude an approximation. The best results have been obtained
when the models are combined with the JK2 formulation.
When used in combination with the algebraic models, the
results are improved in comparison with the isotropic versions
of the same models, but the resulting Reynolds shear stresses
are often too high. In the new formulation JK3, the an-
isotropy parameter A is computed at every location and de-
pends on the upstream flowfield. The parameter T must be
specified in advance, but this is expected to be less critical than
the determination of the A distribution. More research is
required to determine the range of applicability of this model
and to see if the parameter T has a universal and not a
flow-specific character.

VI. Conclusions
The present study confirms that the more widely used and

mathematically simpler turbulence models give acceptable pre-
dictions for a variety of pressure-driven boundary layers, in
the absence of flow separation.

The performance is less satisfactory for flows with adverse
pressure gradients (in both two and three dimensions) and in
cases involving large crossflows. In the three-dimensional case
the deterioration in performance can be attributed both to
neglect of anisotropy, present in experiments, and to overpre-
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diction of the eddy viscosity. The use of the CF-model is a
good choice among the algebraic models tested. The BL-
model gives never better, but sometimes less satisfactory re-
sults, and its use should be restricted to the cases for which this
formulation is required, e.g., for Navier-Stokes solutions in
the presence of small separated regions.

Models of the JK class are found to improve the results for
both adverse pressure gradients and for cases with strong
three-dimensional effects. Compared with the JK model, the
eddy-viscosity distribution used in the JK2 model is found to
be in better agreement with most of the experimental data
considered herein. It should be recalled that the present exper-
imental basis includes largely flows well upstream of separa-
tion. Both models JK and JK2 are believed to be well suited
for engineering applications. The choice will depend on the
type of flow, i.e., far away from or approaching separation.

Among the simpler models for eddy-viscosity anisotropy
tested herein, the formulations proposed by Fannel0p-
Humphreys and Rotta are found to give the best results. In
both cases an additional anisotropy parameter has to be spec-
ified. This presents a major problem in many practical situa-
tions. To avoid the necessity of specifying the anisotropy
factors, a new extension of the Johnson-King model is pro-
posed herein. In this new formulation the eddy-viscosity an-
isotropy is computed at each step and depends on the up-
stream flowfield. The initial results are promising as shown,
but more work is required to assess the applicability of this
model.

For the two shear-driven test cases considered herein, the
simplest algebraic models work satisfactorily, and no benefit
results when applying models of the Johnson-King class. Ad-
ditional studies of shear-driven boundary-layer flows would
be of interest.
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